[AI2613 Lecture 10] Poisson Approximation
May 4, 2023

1 Coupon Collector Problem with Non-Uniform Coupons

Recall the coupon collector problem we met many times in this course: If
each box of a brand of cereals contains a coupon which is chosen from n
different types uniformly at random, then we need to buy nH, boxes in
expectation to collect all types of coupons.

In this lecture, we generalize the setting by allowing the non-uniformity.
Suppose that each purchase yields a coupon of type j w.p. p; for j € [n]
and the coupon types contained in different boxes are independent, where
Yj=1pj = 1. Let N; be the first time that we get type j. Then N; follows
the geometric distribution with parameter p;. Let N be the number of pur-
chases until all n types of coupons are collected, that is, N = max;e[,] N;.
We would like to compute E [N] to see how many times of purchases is
needed in expectation. However, it is not easy to compute the expected
value of max;c[,] N; since N;’s are not independent.

1.1 Coupon Collector Problem with Poisson Draw

We consider a variation of the coupon collector problem where the coupons

are collected with Poisson draw. That is, each arrival of the Poisson process

with rate 1 brings a coupon and the probability of the coupon being of type

Jj is p;. Note that this process is different from the ordinary coupon collector

problem since the arrival time is random.
Recall the thinning of Poisson process we discussed in the last lecture.

Let X;(t) be the number of type j coupons we collect in time [0, t] with

Poisson draw. Then {X j(t)} is a thinning of the process, meaning that

{Xj(t)} is a Poisson process with rate p; and X;(¢) is independent of X;(t)

fori # j. For j € [n],letT; £ min {t \ Xj(t) = 1} be the first time that type

j coupon appears. Obviously, T; is the same as 7;(1) ! and T; ~ Exp(p;). !'Here 7;(1) denotes the time gap between
To determine the time of collecting all kinds of coupons, we need to the arrival of the customers with coupon j.

compute E [T] where T = maxjc[p] T;. The following proposition to com-

pute expectation is useful.

Proposition 1 Let X be a non-negative random variable.
« IfX isdiscrete and X € N, then E [X] = 72, Pr[X > t].
« IfX is continuous, then E [X] = fooo Pr[X > t] dt.

Proof.
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+ When X is discrete, we apply the double counting trick:
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E[X]—isPr ZZPr
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:iiPr[X:s]ziPr[XZt].
s=t t=1

t=1

« When X is continuous,

/Oxldt]zE[/oml[xzth]

@me[1[th]] dt=/wPr[X2t]dt’

where (©) comes from the Fubini’s theorem.

E[X]=E

Note that for any ¢ € Ry,
n n
PriT>t]=1-Pr[T<t]=1-[]Pr[f<t]=1-][(1-e?).

J=1 J=1

By the continuous version of Proposition 1, we have

E[T]=/0 PrT>tdt_/ 1—1—[ e Pt

That is, we need a time of _/000 (1 — e"?s') dt in expectation to collect all

kinds of coupons.

1.2 Standard Coupon Collector Problem

Then we relate the result we obtained in the previous section on the coupon
collector with Poisson draw to the standard coupon collector problem by
the technique of coupling. Specifically, let 7; denote the time gap between
the i — 1-th and the i-th arrival. Imagine the standard version as one cus-
tomer coming with a coupon in hand with constant time gap between
arrivals. We couple the two process by letting the i-th arrival in the Poisson
version carry the same type of coupon with the i-th arrival in the ordinary
version.

Recall that N is the number of purchases until all n types of coupons
are collected in the standard coupon collector problem. Then we have
T = Zﬁl 7;. Note that 7; ~ Exp(1) and E [7;] = 1. If N is a constant, we
can deduce E [N] = E [ i1 r,] = E [T] directly. However, N is a random
variable and thus the summation and expectation are not guaranteed to be
exchangeable. To show the validity of E [N] E [1;] = E [ f\] 1 T,] in this case,

we make use of the Wald’s equation introduced before.
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Theorem 2 (Wald’s Equation) Let X1, Xy, ... ben ii.d. random variables
that E [|X1|] < co. Let T be a stopping time that E [T] < oco. Then we have

E[X/,X:] =E[T]E[Xi].

It is easy to verify that E [7;] = 1 < oo and E [N] < oo in our case.
So applying the Wald’s equation, we have E [N] E [z;] = E [Z{il r,-] and
sequentially

E[N]:E[T]=/Owl—n(l—e_pft)dt. (1)
Jj=1

Then we go back to the coupon collector problem with uniform coupons
for sanity check. Let x = e . Ifp; = % for any j € [n], we have

E[N] =/0m1—ﬁ(1—e—9jt)dt
j=1

=n/ 1-(1-x)"dlogx
0

B ©1 (1—x)"d
—n‘/o ;——x X
(1—x)k1 (a-x*
/ Z p dx

© / k-1
=n (1-x)"""dx

! H,
7 = Nhip,
=1 k
where the (©) follows from the Fubini’s theorem. This verifies Equation (1)
when the types of coupons are uniform.

2 Balls-into-Bins

Recall the balls-into-bins problem where we throw m identical balls into
nbins. For i € [n], let X; be the number of balls in the i-th bin. Then

we have X; ~ Binom(m, %) and E [X;] = 2. This model can be used to
describe the scheme of the hash table. To avoid frequent collision when
mapping the keys into slots, it is natural for us to be concerned about the
value of max;e[,) X;. However, we are faced with the difficulty that X;’s are
not independent when computing the distribution of max;e(,) X;. It turns
out that one can use independent Poisson variables to approximate the
distribution. First we have:

Theorem 3 The distribution of (X1, Xa, . .., Xy,) is the same as that of (Y1, Ya, ..., Yy)
on condition that )1, Y; = m where Y; ~ Pois(A) are independent Poisson

random variables with an arbitrary rate A.
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Proof.  Given (ay,az,...,a,) € N* and )1, a, = m, we have
1 m!
Pr{(X,,Xs,....X,) =(ar,a,...,ay)] = — - —8. (2)
n™  aqlay!---ap!
And

Pr|(Y,Ys,...,Y,) =(ay,as,...,a,)

n
Sen
i=1

B Pr[(Yl,Yz,...,Yn)=(a1,a2,...,an)/\zl'-’:1Yi=m]

Pr[YL, Y =m]
_ i1 Pr[Y; = a]
Pr[3L, Y =m]
i1 67/1/}1_3 1 m!
e—An W™ T pm o gg,t. g,
m!
which equals to the RHS of Equation (2). O

Furthermore, we can deduce the following corollary from Theorem 3.

Corollary 4 Let f: N* — N be an arbitrary function and Y1,Y,, ..., Y, ben
independent Poisson random variables with rate A = . Then we have

E[f(X1,X2....Xp)] <evm-E[f(Y,Ys,...,Yp)].

Proof. By the law of total probability, we have

n

Siet
i=1

n
Swi=m
i=1
n
Swiem
i=1

n

Sie

i=1

E[f(Y1, Y., Y] = ) E[f(¥1,Ya,.... Yy) Pr
k=0

n

S =

i=1

>E f(Yl, Yz,...,Yn) Pr

=E [f(Xl,Xg, cen ,Xn)] Pr

Note that ;1" ; ¥; ~ Pois(m), then we have

Pr i Yi=m|=¢e"™ m” > !
i=m| = — ,
! N
=1 m..eym
where the inequality comes from the Stirling’s formula. O We can see from the proof of Corollary 4
) Sm o
Equipped with Corollary 4, we have the following theorem to bound that the choice of 4 = - is to maximize

Pr[X, Y =m].
X = maXje[n] X;.

Theorem 5 (Max Load) When m = n, we have X = © (log)ign) wp. 1—o0(1).
Proof.  First we prove the upper bound, that is, there exists a constant c¢;

such that Pr [X > lzlglﬁ’gg';] = 0(1). Letk = lglgll(; i’; for brevity. By union
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bound, we have

Pr(X >k]=Pr[3ie[n],X;:>k] < ZPr[X > k]

1 en\k 1 e\k
nPr[X1>k]<n()—ks (?) n_k_n (;)
Note that
1
klogk = lf)lg loogg”n - (loglog n — log log log n + log ¢;)

loglogl

> cylogn - 2gogoen >ﬁlogn.
loglogn 2

Letting ¢ = 6, we have that
logn+k —klogk < —logn.

Thus, Pr(X > k] <n- (f)k <L =0(1) forc; = 6.

Then we prove the lower bound. Againlet g = lffglﬁ) gg'; for a constant
co. Let f (X1, X,...,X,) = 1[X < g] = 1[max;e[,) X; < g]. Then by
Corollary 4,

Pr(X <g] =E[f(X1,Xs,...,Xn)]
<evn-E[f(Y,Ys,...,Y,)]

=e\/ﬁ-Pr[main<g .

i€[n]

By the definition of ¥; in Corollary 4, we have

Pr [m[aﬁYi < 9] =(Pr[Y; <g])"=(1-Pr[Y; >g])"

1 n __n_
<(1=PrlYi=g+1DN"=|1—- ——| < (g+Dle
S (1-Pr[Y=g+1]) ( (gﬂ)!e) <ew

Note that
g+1

g+2
log(g + 1)! =Zlogi < / log x dx
i=1 1

=(g+2)log(g+2)—g—-1<(9g+2)logg—g+3

1 2logl
_ celogntsloglogn (loglogn —logloglogn +logcs) —
loglogn

czlogn

loglogn *

< c;logn —loglogn — 2.
Letting c; = 1, we have log(g + 1)! < logn — log log n — 2 and sequentially

e(g+1)! <

e log n’
Thus,

—elogn _ —e

Pr [maxY <g|<e TTE < e n

i€[n]

Combining with Equation (3), we have Pr [X < lolg?lign] <evn-n¢=0(1).
O
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