[CS1961: Lecture 14] Spectral Graph Theory

1 Graph Adjacency Matrix and Its Spectrum

Given an undirected graph G = (V,E) where V = [n], let Ag = (a,-j)l.,je[n]
be the adjacent matrix of G. That is, Ag is a boolean matrix with a;; = 1
iff (i, j) € E. Clearly Ag is symmetric. Therefore the n eigenvalues of Ag,

A, Az, ..., Ay, are all real numbers. W.lo.g, we assume A; > Ay > -+ > A,
This is called the spectrum of G. For example, when G is the complete
graph K,
0 1
1 0
Ak, = .
1
1 0
The n eigenvalues of Ag, isAy = n—1landA; = --- = A, = —1. The
corresponding eigenvectors are
1 1 1
1 -1 0
vi=|1], wv,=|0], , vp=1|0
1 0 -1

When the graph G is given, its spectrum is also determined. However,
the same spectrum may corresponds to different graphs. The properties of
the spectrum usually reflect certain properties of the graph and have been

extensively studied.

Proposition 1. If the maximium degree of a graph G is A, then Ay < A. In
particular, if G is A-regular, then A, = A.

Proof. Let § = max;e[p] 27:1 |a,~j| be the maximum absolute row sum of A.
We claim that ||A|| = 8.1 Here A is not necessarily a binary matrix.

Choosing x = vq, we have
[A1llIvilleo = lAcVilleo < lAGIeolIVilco

by definition. If the claim holds, we can further yield that |A;| < ||Ag|le =
é = A. When G is A-regular, it is easy to verify that 1 is an eigenvector
corresponding to the eigenvalue A. Therefore, we have A; = A.

It remains to prove the claim. We write A as A = [aj,a,, -+ ,a,]. Then

Ax = xja; + x2a; + - - - + xXpa,. W.lo.g, assume that arg max; ;; \a,-j’ =1,

1Al
(B3
reaches the peak when x € {—1, 1}" and each x; = sgn(ay;). This naturally

i.e., the first row of A has the maximum absolute row sum. Note that

yields that [|Al|e = &. O

! The p-norm of a vector x is defined

1
as [|x|l, = (X; [x:|?) . Specifically,
when p = oo, ||X|lcc = max; |x;|. The

p-norm of a matrix A is defined as ||A||, =

llAx|| . .
maxxzo ——-, which measures the size of
#0 Tixllp

the operator A.

The result shows that A; is related to the
degree of the graph. We will see how the
other eigenvalues reflect graph properties.
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2 Rayleigh Quotient

Given A € R™" and x € R" \ {0}, the Rayleigh quotient is defined as

Ry(x) £ %‘)’i’?. By the spectral decomposition theorem, A can be written as Unless otherwise stated, we assume A is
poa AiviviT where {vy, Vv, ...,V,} is a group of orthonormal eigenvectors of symmetric.
A corresponding to eigenvalues A4, A, . . ., A, respectively.
We can write x as )., a;v; for some constants aj, dz . .., a,. Then
n n n
2
(x,x) = (Z aivi, Z ajvj) = Z a;aj(vi,vj) = Z a;
i=1 j=1 ijeln] i=1
and
n n n
Ax = Z/L‘ViVlT Z a;vj| = Z Aiajvi(vi,vj> = Z/lia,-vi.
i=1 j=1 ijeln] i=1
Similarly,
n n n
(x, Ax) = (Z a;vj, Z/L-aivi) = Z/lia?.
j=1 i=1 i=1
m Aia? . . . .
Therefore, R4(x) = %’S{’? = Z’f,,l a?’ . With this form of Rayleigh quotient,

i=1%
we can introduce the Courant-Fischer theorem, which gives a variational
characterization of the eigenvalues.

Claim 2. A; = maxyzg Ra(x)

. >n. A a’ . .
Proof. Since Ry(x) = Zl"l ;2‘ =>r Z,,—'az/li achieves the maximum when
i=1 % J=1%j

the weight concentrates on A, we have maxy.o Ra(x) = Rq(vy) = A;. m]

With the same argument, we have A; = maxyxox1v, Ra(x). This can be
generalized to the k-th largest eigenvalue:

Ak = max Ra(x).

Xisp:m(vl,...,vk_l)

We also have

A= max min Rh(x). (1)
VCR™  xeV\{0}
dim(V)=k

Equation (1) can be interpreted as the competition between the max
player and min player. The best choice of the max player is to set V. =
span(vy, ..., Vi) and the min player will choose x = v to minimize R4 (x).

Proposition 3. For a simple d-regular graph G = (V,E), G is connected iff
Ay #d.

Proof. Recall that v; = \/iﬁ - 1 for d-regular graphs. Then by the Courant-
Fischer theorem, A; = maxy.x11 Ra, (X). Note that
2
2(i,j)eE 2XiX; _d2?=1 X} = X1 j)eE 2XiX; d_Z(i,j)eE (xi = x;)

Rag (x) = n .2 = n .2 = n .2
i=1 X; i=1 Xj i=1 X;

Therefore A, = diff (x; — xj)2 = Oforall (i,j) € E.Sincex L 1,
Yijek (xi - xj)2 = 0 indicates that G is not connected. ]
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Proposition 4. Suppose G = (V,E) is a simple d-regular graph which is
connected. Then G is bipartite iff A, = —d.

Proof. By the Courant-Fischer theorem,

2ije[n) GijXiX)

n 2

Ap = min R4 . (X) = min
" x#0 G( ) x#0 1 X

Note that

2
2ijeln] 4jXiXj  X(ij)eE 2XiXj dod= Yige (xi+x;5) ~

2 - no 2 no 2
i i=1%; i=1 %;

X
Therefore A, = —d iff x; = —x; for all (i, j) € E. This indicates that G is
bipartite. O

Now we prove that 1, is least the average deree of G.

Theorem 5. d,y. < A;. 2 ?Here dgpe denotes the average degree
Zve\/" d‘eg(v)
ez
Proof. Using Courant-Fischer, we have

X' Ax S 1TA1 _ Zi,je[n] ij 2. deg(i) _

- dave .

1 = max >
H x#0 X'X 171 n n

3 Laplacian Matrix

When the graph is not necessarily regular, it is convenient to normalize its
first eigenvalue.

3.1 The Spectrum of Laplacian Matrix

Let Ag = (Wij)i,je[n
ably weighted) and define w; = 37, w;; foralli € [n].Let Dg =
diag(wq, wa, . .., wy). The Laplacian matrix of G is defined as Lg = Dg — Ag.

I be the adjacent matrix of some graph G (prob-

With the definition of Laplacian matrix, we can turn to consider the
spectrum of L instead of Ag. For example, when G is d-regular, Lg = dll —
Ag.Lety; < yp < --- <y, be the eigenvalues of Lg and A; > A, = -+ > Ay
be the eigenvalues of Ag. Then y; = d — A; by definition and we have y; = 0.
We claim that this also applies to general graphs.

2
Lemma 6. X'LoX = X ; jyep Wij (Xi — x;)°.
For a weighted graph G, E =
{{i.j} | wij #0}.
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Proof. This can be proved by a direct calculation:

2 2 2
Z wij(x,-—xj) = Z w,-j(xi—le-xj+xj)

{i.j}€E {i.j}€E
— 2 2
= Wij | X; +xj -2 WijXiX;
{i.j}€E {i,j}€E
_ 2 4 2 9
= X; Wij X;wij — WijXiXj
i€V J~i ieV {i,j}€E
Y ( S sy + ZW..xz)
- i 1 i 123 Ljiriirg 1212441
% ieV ijev ieV
2
=inwi_ Z Wijxin
ieV ijev

= XTDGX - XTAGX = XTLGX.

Equipped with Lemma 6, we then prove our claim.
Claim 7. For any graph G with w;; > 0, y1(Lg) = 0.

Proof. By the Courant-Fischer theorem,

2
. X'Lgx  Dijyer Wij (xi — x))
¥1(Lg) = min = min

>0
x#0 XX X#0 i xiz

where the second equation follows from Lemma 6. Furthermore,

1"Lg1

" (LG) < 171 =0.

Therefore, we have y;(Lg) = 0. ]

Example 1 (Complete Graph). When G is a complete graph K,,,

0 n-1 1 0

Pickv L 1. That is, };I_, v(i) = 0, or equivently, v(1) = — 31, v(i). Then

n

Lev(1) = (n=1)v(1) — Zv(i) =nv(1).
i=2
Similarly we have Lgv(i) = nv(i) for every otheri € [n] and thus Lgv = nv
forallv L 1. Therefore, the spectrum of Lk, is 0, n,n, ..., n, which respectively
corresponds to the eigenvectors 1 and the n — 1 independent vectors that are
perpendicular to 1.

4
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Example 2 (Star Graph). When G is a star,

n-1 0 - 01 - 1] [p=1 -1 -+ =1
0 1 1 0 -1 1
Le=| . . - 1. . =
: : 0 : : : 0 1
0 1 1 0 0 -1 0

Lete; = (0,0,...,0,1,0,...,0) be a unit vector where only the i-th entry
is 1. Then for everyi,j > 2 andi # j, e; — e; is an eigenvector of Lg with 2 3
eigenvalue 1. Since dim (span ({ei - ej} o )) = n — 2, it only needs to
determine the remaining one eigenvalue (we have already known that A; = 0).
Note that

Tr(L(;)=n—1+n—1:Z/1,~=0+(n—2)+/1n.
i=1

Therefore, we have y, = n. It is easy to verify that the eigenvector corresponds
toypis[1-n 1 --- 1]".
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